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Abstract The incision of bedrock channels is typically modeled through the stream power or the
shear stress applied on the channel bed. However, this approach is not valid for quasi-vertical knickpoints
(hereafter waterfalls), where water and sediments do not apply direct force on the vertical face. As such,
waterfall retreat rate is often modeled as a power function of drainage area (a surrogate for hydraulic
processes, such as plunge-pool drilling and groundwater seepage, although a variety of non-hydraulic
processes may also influence waterfall retreat). These different incision modes are associated with
two measurable exponents: the channel concavity, 𝜃, that is measured from the channel topography
and is used to evaluate the exponents of drainage area and slope in the channel incision model, and p
that is measured from the location of waterfalls within watersheds and evaluates the dependency of the
waterfall recession rate on drainage area. To better understand the relations between channel incision
and waterfall recession, we systematically compare between the exponents p and 𝜃. These parameters were
computed from digital elevation models (30-m Shuttle Radar Topography Mission) of 12 river basins with
easily detectable waterfalls. We show that p and 𝜃 are (1) similar within uncertainty, (2) come from a similar
distribution, and (3) covary for networks with a large number of waterfalls (≳ 10). In the context of
bedrock incision models this hints that the same processes govern waterfall retreat rate and the incision
of nonvertical channel reaches in the analyzed basins and/or that downstream incision can dictate waterfall
retreat rate.

1. Introduction

Quantification of landscape response to climatic and tectonic changes is a key component in predicting
topographic sensitivity to future changes and in reconstructing past changes from topographic patterns
(e.g., Crosby & Whipple, 2006; Goren, 2016; Moon et al., 2011; Whipple & Tucker, 1999). In bedrock land-
scapes, the rate of channel incision (E [L/T]) is governed by complex interactions between discharge and
channel geometry, as well as sediment and bedrock properties (e.g., Dietrich et al., 2003; Gasparini et al., 2006;
Seidl & Dietrich, 1992). This rate is often described as a function of gravitationally induced shear stress or
stream power applied to the channel bed (e.g., Bagnold, 1966; Howard & Kerby, 1983; Tucker & Hancock, 2010;
Whipple & Tucker, 1999) and formulated as follows:

E = K AmSn, (1)

where K [L1−2m/T] is termed the erodibility coefficient and depends on bedrock properties, discharge-
drainage area relations, and channel geometry.

In this framework, an increased rate of base-level fall (U [L/T]) is communicated to the upper reaches of the
channel network through upstream recession of oversteepend channel segments, namely, knickpoints (e.g.,
Bishop et al., 2005; Crosby & Whipple, 2006; Rosenbloom & Anderson, 1994; Whipple & Tucker, 1999). When the
knickpoint is nonvertical, its recession rate (i.e., knickpoint celerity: Ce [L/T]) can be derived from the channel
incision model (equation (1); Berlin & Anderson, 2007; Bishop et al., 2005; Haviv et al., 2006; Rosenbloom &
Anderson, 1994; Whipple & Tucker, 1999):

Ce = K AmSn−1. (2)

The celerity, Ce, is independent of the slope (S) in two commonly assumed scenarios: (1) when n = 1 (Berlin &
Anderson, 2007; Rosenbloom & Anderson, 1994), such that m∕n = m, and (2) when the slope of the knickpoint
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is the slope predicted for a steady state landscape under the new rate (Un) of base-level fall (i.e., Un = E such

that S =
(

Un

K

)1∕n
A−m∕n can be substituted into equation (2)). In both cases equation (2) results in

Ce ∝ Am∕n, (3)

where in the latter case Ce also depends on U (e.g., Niemann et al., 2001; Wobus, Crosby, & Whipple, 2006).

When U and K are generally uniform along the channel, the ratio m∕n equals the channel concavity index,
𝜃, that is typically computed from linear relations between log(S) and log(A) or between topographic eleva-
tion, z, and a transformation variable, 𝜒 , (Mudd et al., 2014; Perron & Royden, 2012). In that case, equation (3)
becomes the following:

Ce ∝ A𝜃. (4)

When a knickpoint is quasi-vertical (i.e., a waterfall) such that water and sediment fall without applying direct
force on the knickpoint face, the assumptions that underly equations (1) and (2) become invalid (Crosby &
Whipple, 2006; Haviv et al., 2010). In that case, waterfall recession is influenced by a variety of processes, includ-
ing plunge pool drilling, freeze-thaw and wet-dry cycles, and groundwater seepage. The intensity of these
processes depends on factors such as cap rock and sub–cap rock strength and joint density, sediment con-
centration and grain-size distribution, water discharge, the microtopography of the waterfall lip, the waterfall
height, temperature and rainfall fluctuations, water jet impact angle, and the properties of the lag debris (e.g.,
Gilbert, 1907; Haviv et al., 2006, 2010; Howard & Kochel, 1988; Lamb et al., 2007, 2014; Mackey et al., 2014;
Mason & Arumugam, 1985; Scheingross et al., 2017). Whereas this suggests that multiple factors should be
parameterized to accurately model waterfall celerity (e.g., Haviv et al., 2010; Lamb et al., 2006; Scheingross &
Lamb, 2016), a simple model for waterfall celerity (Cew [L/T]) was posited by Crosby and Whipple (2006) and
explored in various settings (Berlin & Anderson, 2007; Brocard et al., 2016; Crosby & Whipple, 2006; DiBiase
et al., 2015; Haviv, 2007; Mackey et al., 2014):

Cew = B Ap , (5)

where B [L1−2p/T] is a proportionality constant and p is a positive exponent. In this model both B and p are not
necessarily related to an incision model such as the one presented in equation (1).

The different geometry of waterfalls and nonvertical knickpoints suggests that their recession rate might be
governed by different processes, where the recession of nonvertical knickpoints is often formulated based
on the bedrock channel incision model (equation (2)), and that of waterfalls (i.e., equation (5)) is based on
empirically demonstrated relations with drainage area (e.g., Berlin & Anderson, 2007; Crosby & Whipple, 2006).
However, the similarity in the functional form of equations (4) and (5) suggests a potential link between the
two rates and highlights the need for a systematic comparison between 𝜃 and p. Such a comparison can shed
light on commonalities and/or differences between the two rates and the underlying processes. Published
data indicate that 𝜃 values typically vary between 0.35 and 0.7 (Tucker & Whipple, 2002; Whipple & Tucker,
1999), whereas p values span a wider range (p = −3, 0, 0.24,0.33, 0.54, and 1.125 for Berlin & Anderson, 2007;
Crosby & Whipple, 2006; DiBiase et al., 2015; Haviv, 2007; Mackey et al., 2014; Weissel & Seidl, 1998; respec-
tively). These published data, however, are hindered by the small number of reported p measurements and
the general lack of uncertainty bounds for reported p and 𝜃 values. Further, p and 𝜃 values are often not mea-
sured over the same channel segments and, as far as we know, the covariance between them has not been
explored.

In this study we compare p and 𝜃 over the same channel sections while quantifying their uncertainty. We also
explore the covariance between p and 𝜃 and the influence of various factors on p. To do so, we use existing
and new methods to compute p, 𝜃, and their uncertainty from digital elevation models (DEMs) of 12 river
basins with multiple waterfalls. Our analyses indicate that p and 𝜃 are (1) similar within uncertainty, (2) come
from a similar distribution, and (3) generally covary. We also show that optimized p values are sensitive to the
variability in the basin area that drains to waterfalls, which could explain the wide range of p values that has
been reported in the literature.
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Table 1
Properties of the Analyzed Basins

Basin Basin MAP Studies of p

ID name Location Latitude Longitude (mm/year) Lithology in this basin

a Happy Utah, 38.137 −110.369 200 Triasic sedimentary rocks —

Canyon United States (Chinle, Wingate, and Kayenta Formations),

primarily mudstone, sandstone, and limestone (1)

b Mineral Utah, 38.531 −109.976 200 Triasic sedimentary rocks —

Canyon United States (Chinle, Wingate, and Kayenta Formations),

primarily mudstone, sandstone, and limestone (1)

c Taylor Utah, 38.475 −109.941 250 Triasic sedimentary rocks —

Canyon United States (Chinle, Wingate, and Kayenta Formations),

primarily mudstone, sandstone, and limestone (1)

d Rio Pastaza, −1.236 −77.709 4150 Tertiary sedimentary rocks —

Napo Equador (Arajuno formations),

primarily conglomerate, and sandstone (2)

e Chandler New South Wales, −30.708 152.043 1150 Paleozoic metasedimentary rocks Weissel and Seidl (1998)

River Australia (Myra beds and undivided units), primarily schist, Weissel and Seidl (1997)

slate, phyllite, greywacke, and mudstone (3) Seidl et al. (1996)

f Macleay New South Wales, −30.783 151.953 950 Paleozoic metasedimentary rocks Weissel and Seidl (1998)

River Australia (Myra beds and undivided units), primarily schist, Weissel and Seidl (1997)

slate, phyllite, greywacke, and mudstone (3) Seidl et al. (1996)

g Apsley New South Wales, −30.884 152.028 1150 Paleozoic metasedimentary rocks Weissel and Seidl (1998)

River Australia (Myra beds and undivided units), primarily schist, Weissel and Seidl (1997)

slate, phyllite, greywacke, and mudstone (3) Seidl et al. (1996)

h Parachute Colorado, United 39.467 −108.076 400 Tertiary sedimentary rocks Berlin and Anderson (2007)

Creek States (Wasatch and Green River Formations),

primarily shale, sandstone, and marlstone (4)

i Roan Colorado, 39.406 −108.269 400 Tertiary sedimentary rocks Berlin and Anderson (2007)

Creek United States (Wasatch and Green River Formations),

primarily shale, sandstone, and marlstone (4)

j Havasu Arizona, 36.272 −112.719 300 Permian sedimentary rocks —

Creek United States (Kaibab, Toroweap, Coconino, and Hermit Formations),

primarily limestone, shale, and sandstone (5)

k Tuckup Arizona, 36.298 −112.876 300 Permian sedimentary rocks —

Canyon United States (Kaibab, Toroweap, Coconino, Hermit Formations),

primarily limestone, shale, and sandstone (5)

l Surprise Arizona, 35.925 −113.610 250 Permian sedimentary rocks —

Canyon United States (Kaibab, Toroweap, Coconino, and Hermit Formations),

primarily limestone, shale, and sandstone (5)

Note. The lithologic data is from the following sources: (1) http://files.geology.utah.gov/online/usgs/; (2) Ruiz (2002); (3) http://www.resourcesandenergy.
nsw.gov.au; (4) Berlin and Anderson (2007) and Hail (1992); and (5) http://pubs.usgs.gov/imap/. Basin IDs Are Identical to Those in Figure 1, Latitude and Longi-
tude (Decimal Degrees) Show the Trunk Channel Location, MAP Is the Mean Annual Precipitation (Rounded to the Nearest 50 mm/year Multiplier) Computed From
0.5∘ Data Set From Precipitation Data Collected Between 1901 and 1914 and Attained From https://crudata.uea.ac.uk/cru/data/hrg/.

2. Method

To explore the similarity between p and 𝜃, we analyze 12 natural basins with multiple waterfalls in differ-
ent climatic and lithologic conditions (Tables 1 and S1 in the supporting information). We first detect the
location of waterfalls and the uncertainty in their location in a systematic manner (section 2.2). We then use
these locations and uncertainties to compute the optimal p and 𝜃 values (sections 2.3 and 2.4), and their
uncertainty (section 2.5) for each of the analyzed basins. For consistency, we compute the values of 𝜃 over
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Figure 1. Digital elevation models of the 12 basins analyzed in this study. Panels are labeled in accordance with the basin ID in Tables 1 and S1, where more
information is provided regarding the location and characteristics of the different basins. Maps are oriented with north upward and lighter colors represent
higher elevation. Circles show the location of waterfalls, and a white square shows the prescribed location of the initial waterfall for each basin. Circles are
colored by drainage area relative to the mean value (𝜇a) for all waterfalls in the basin (Ar =

Aw
(𝜇a)

, where light colors indicate Ar values that are relatively high for

each basin, and Aw is the drainage area at the waterfall) to illustrate the scatter in drainage area at waterfalls. Note that waterfalls in basins (a) and (k) have lower
variation in Ar values compared to other basins where some waterfalls are associated with very high Ar values (light color), while others with very low (dark
color). The colorbar pertains to both elevation and Ar . Basin locations are (a–c) Utah, United States, (d) Pastaza, Equador, (e–g) New South Wales, Australia, (h
and i) Colorado, United States, and (j–l) Arizona, United States.

the same channel sections used to compute p (i.e., between the waterfalls and a downstream location that
drains all waterfalls). To verify that our results are consistent across methods for p and 𝜃 computation, we
use three different methods to compute 𝜃 and two methods to compute p. The resulting p and 𝜃 values are
then compared.

2.1. Study Sites
We explored the values of p and 𝜃 by analyzing basins with multiple waterfalls identified using a 1-arc second
Shuttle Radar Topography Mission DEM (∼30 m for the studied basins; Rodríguez et al., 2005; Tables 1 and S1).
The basins were selected based on the following criteria: (1) multiple waterfalls (to effectively constrain p), (2)
waterfalls are clearly detectable over the DEM resolution (section 2.2 and Figure 1), (3) the drainage area at the
waterfall (Aw) in some of the selected basins spans a wide range of values such that in these cases it is unlikely
that waterfall location can be explained solely via a drainage area threshold (i.e., Crosby & Whipple, 2006), and
(4) basins span different precipitation regimes in order to explore the potential influence of precipitation on
p and 𝜃 (e.g., Zaprowski et al., 2005; Table 1).

2.2. Waterfall Identification
We applied a quasi-automatic waterfall identification procedure to detect waterfalls in a repeatable and effi-
cient manner (Figure 2). We first used the DEM to visually detect all potential waterfalls within a basin and
extract the profiles of channel segments that contain waterfalls. For each segment we identified the water-
fall location and its boundaries using the following procedure, (a) for each node along the channel segment
we recorded elevation and drainage area (zi, Ai , where i is the node index); (b) the slope (Si) at each node
was computed via a central difference scheme over a window of nine nodes (a window size selected based
on iterative experimentation) along the channel to suppress slope errors that propagate from elevation
errors in the DEM (i.e., Wobus, Whipple, et al., 2006); (c) values of ksn (normalized channel steepness index,
(e.g., Wobus, Whipple, et al., 2006)) were computed for each channel node utilizing ksni

= SiA
0.5
i (an exponent

SHELEF ET AL. WATERFALL RECESSION AND CHANNEL CONCAVITY 908
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Figure 2. An example for quasi-automatic knickpoint detection. The main figure shows the profile of a channel in basin
(l) in Figure 1 and the location of the detected knickpoint (filled circle) and its top and bottom boundaries (open circles).
The inset graph shows the same profile (gray line, right y axis) and the associated ksn values (black line, left y axis).

value of 0.5 is generally similar to that computed for most basins we studied, and is in agreement with val-
ues that are traditionally used); (d) waterfall location was detected by finding the node of highest ksni

, where
the slope across the waterfall also exceeds a prescribed threshold (0.2, in agreement with the upper slope
limit of step pool and cascade reaches (Montgomery & Buffington, 1997; Montgomery et al., 1995) as well as
lag debris reaches beneath waterfalls (Haviv, 2007; Haviv et al., 2010)); (e) the top and bottom boundaries of
the waterfall were defined by progressing from the waterfall upstream and downstream until the first node,
where Si is smaller than half of the prescribed knickpoint threshold (i.e., < 0.1). If Si does not decrease below
this value, the channel is relatively steep so the waterfall is defined as not being sufficiently distinguishable
and is excluded from the analysis. These boundaries are used as measures of uncertainty in waterfall location.
We executed this routine over all basins and visually confirmed the location of the selected waterfalls and
their boundaries (Figure 3).

2.3. Computation of p Value
2.3.1. Time-Based Optimization of p
To compute p for each basin, we used an optimization procedure that minimizes the scatter in recession
duration (i.e., the time span of recession) among the observed waterfalls (e.g., Brocard et al., 2016). This pro-
cedure relies on a commonly used assumption (e.g., Berlin & Anderson, 2007; Brocard et al., 2016; Crosby &
Whipple, 2006; Weissel & Seidl, 1998) that all waterfalls initiated as a single waterfall that was located at the
trunk channel at some initial time ts, and over the time period between ts and the present (hereafter reces-
sion duration) receded and bifurcated at tributary junctions to their current location. We also assume that the
waterfall recession rate is described by equation (5) and that the value of B and p are uniform within the basin.
These assumptions are similar to those used by other studies (Berlin & Anderson, 2007; Brocard et al., 2016;
Crosby & Whipple, 2006; DiBiase et al., 2015; Whittaker & Boulton, 2012).

The p value that optimizes the fit between modeled and natural waterfall locations can be computed either
from the spatial misfit between the location of modeled and observed waterfalls (e.g., Berlin & Anderson,
2007; Crosby & Whipple, 2006) or from the temporal misfit in arrival time of the modeled waterfall to the
location of the observed ones (e.g., Brocard et al., 2016). We computed p through the latter approach that is
most consistent with the assumption that all waterfalls migrated to their current position over the same time
period. The recession duration (i.e., the time span of recession) between the initial waterfall location and the
current one is cast as (following Berlin & Anderson, 2007; Crosby & Whipple, 2006):

tr(Nn) =
Nn∑
i=1

Δti =
Nn∑
i=1

Δx
Cew,i

𝛿i, (6)

SHELEF ET AL. WATERFALL RECESSION AND CHANNEL CONCAVITY 909
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Figure 3. Topographic profiles along the analyzed channel systems. Each panel shows the profiles and the waterfalls for each basin and is labeled in accordance
with the basin ID in Table 1. Dark and light colored circles mark the waterfalls and their boundaries, respectively. The lowest extent of the profiles is the
prescribed location of the initial knickpoint. The jagged topography of some of the channels reflects the noisy digital elevation model data (this plot shows the
raw digital elevation model data rather than a smoothed or pit-filled elevation data).

where Nn is the number of nodes between the initial waterfall location at ts and the current waterfall location
and Δti [T] is the recession duration between nodes i and i + 1. Cew,i [L/T] is the waterfall celerity between
nodes i and i + 1 that is evaluated as B Ap

i (equation (5)), where Ai is the drainage area of the ith node. Δx is
the distance between DEM nodes in the cardinal directions, and 𝛿i is a dimensionless variable that equals 1
or

√
2 for cardinal and diagonal flow direction between nodes i and i + 1, respectively.

To compute p in cases where the recession duration and initial waterfall location are unknown, we nondimen-
sionalized the duration of waterfall recession to t∗r (Nn) =

∑Nn
i=1 Δt∗i , where Δt∗i = Δti∕Δt0. We set Δt0 = Δx

BAp
0

,

where A0 is an arbitrary reference drainage area. The nondimensional recession duration is as follows:

tr(Nn)∗ =
Nn∑
i=1

Δt∗i = Ap
0

Nn∑
i=1

A−p
i 𝛿i. (7)

We find the optimal p value while accounting for the uncertainty in waterfall positions. To do so, we computed
the dimensionless recession duration (t∗r , equation (7)) between the initial waterfall location and each of the
observed waterfalls for each p value (from 0 to 2 in intervals of 0.01). We then calculated the weighted misfit
(𝜒2

r ) in recession duration between waterfalls:

𝜒2
r = 1

Np − 1

Np∑
i=1

D2
i

𝜎2
i

= 1
Np − 1

Np∑
i=1

t∗r,i − t̄∗r
𝜎2

i

, (8)

where Np is the number of waterfalls, Di is the difference in t∗r between the ith waterfall (t∗r,i) and the mean
t∗r for all waterfalls (t̄∗r ), and 𝜎i is a measure of uncertainty in recession duration computed from the stan-
dard deviation of the nondimensional recession time to the top and bottom boundaries of the ith waterfall
(because this is a standard deviation of two values only, it equals half of the difference in t∗r between these
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Figure 4. Optimization of p and its associated uncertainty. The 𝜒2
r (y axis)

versus different p values (x axis) for one of the analyzed basins (basin h,
Table 1). The solid line is an optimization curve based on all waterfalls, and
the dark gray square marks the optimal p value that minimizes 𝜒2

r for this
case. Dashed lines show 50 optimization curves for arbitrarily chosen
subsets of 75% of all waterfalls, and gray circles mark the optimal p value for
each of these iterations. Light squares mark the uncertainty in the optimal p
value for all waterfalls, where this uncertainty is determined from the 2.5th
and 97.5th percentiles of the optimal p values for the 50 subsets of
waterfalls (i.e., the gray circles).

top and bottom boundaries). The best fit p value is the one that produces
the lowest 𝜒2

r value (Figure 4). The method successfully recovered the cor-
rect p values from synthetic experiments where waterfall locations were
modeled with a prescribed p values.

As long as the initial location of the waterfall is at the trunk stream down-
stream of all waterfalls, the optimization of p is insensitive to the exact
initial location of the waterfall and the duration of waterfall recession. This
is because waterfall recession along a trunk channel downstream of all
waterfalls shifts t∗r (Nn) by a constant value for all waterfalls. Hence, the ini-
tial location of the waterfall can be prescribed at any arbitrary location in
the trunk channel without affecting the optimization results that rely on
minimizing the scatter in t∗r (Nn) between all waterfalls. This facilitates find-
ing the best fit p without knowing the recession duration and the exact
initial location of the waterfall.

The method described above differs from the time-based optimization of
Brocard et al. (2016) in that it is designed to compute p while account-
ing for the uncertainty in waterfall location. To explore whether the p
values produced by the time-based approach we used is similar to that
produced by the distance-based approach of Crosby and Whipple (2006)
and Berlin and Anderson (2007), we also developed a distance-based
optimization procedure that can recover p when both the duration of
recession and the exact initial location of the waterfalls are unknown.
The p values produced by these two approaches are equal within error
(see the supporting information).
2.3.2. Optimization of p With a Critical Area Threshold
To account for the possibility that waterfall recession is halted when the
basin area that drains to the waterfall is below a critical threshold (Ac [L2],
Crosby & Whipple, 2006), we also computed the optimal p for

Cew = B(A − Ac)p . (9)

Under these conditions Cew = 0 when Ac ≥ A. The Ac value for each basin was determined as the minimum
drainage area over all the waterfalls in the basin. The optimal p value is found by minimizing 𝜒2

r as explained
in section 2.3 (equation (8)).

2.4. Extraction of 𝜽 Value
We computed 𝜃, and the uncertainty associated with it, using slope area (S-A) (e.g., Hack, 1973; Whipple &
Tucker, 1999; Wobus, Whipple, et al., 2006) and 𝜒-z (e.g., Perron & Royden, 2012; Royden et al., 2000) relations.
For the latter we computed 𝜃 for both linear and nonlinear𝜒-z relations. The analysis is conducted on channel
portions that extend from the bottom boundary of waterfalls (i.e., section 2.2) downstream to the mutual
junction where the initial waterfall is prescribed. Focusing on these channel portions assures that p and 𝜃 are
computed and compared over the same set of flow pathways.
2.4.1. Compute 𝜽 From Slope Area Relations
The value of 𝜃 is reported as the slope of the least square linear regression between log(S) and log(A) (e.g.,
Dietrich et al., 2003; Howard & Kerby, 1983; Whipple & Tucker, 1999; Wobus, Whipple, et al., 2006) at the rel-
evant channel portions. To reduce the influence of the DEM elevation error on S (i.e., Wobus, Whipple, et al.,
2006), we computed S over vertical increments of Δz ≃ 100 m such that Σz

Δz
≃ 0.1 (where Σz = 10 m, is the

90% DEM elevation error; Rodríguez et al., 2005).
2.4.2. Compute 𝜽 From 𝝌-z Relations
An alternate procedure for calculating 𝜃 relies on a comparison between elevation (z) and an integral quantity
of drainage area (𝜒 [L]) (Goren et al., 2014; Mudd et al., 2014; Perron & Royden, 2012; Royden et al., 2000;
Royden & Perron, 2013; Willett et al., 2014):

𝜒(l) = A𝜃
0 ∫

l

lb

A(l)−𝜃dl, (10)
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where A0 is a reference A value (we prescribed A0 = 1, 000 m2) and l and lb measure the distance along the
stream at up and downstream locations, respectively.

In theory, a linear relation between 𝜒 and z should occur when all the following conditions are met (Perron
& Royden, 2012): (a) the channel network is at steady state, (b) the channel steepness index (ks = (U∕K)1∕n) is
spatially uniform, and (c)𝜃 is spatially uniform, and (d) the channel incision processes are adequately described
by equation (1). When these assumptions hold, the integration of channel slope over the distance l − lb along
the channel yields (Perron & Royden, 2012; Shelef & Hilley, 2014; Willett et al., 2014)

z(l) = z(lb) + ∫
l

lb

S(l)dl,

= z(lb) + ks ∫
l

lb

A−𝜃dl,

= z(lb) + ksA−𝜃
0 𝜒(l),

(11)

where z(lb) is the z value at 𝜒 = 0. Equation (11) demonstrates that when 𝜒 is calculated with a 𝜃 value that is
representative of the analyzed channel and under the above assumptions, the relation between 𝜒(l) and z(l)
is linear and ksA−𝜃

0 is the coefficient of proportionality. This equation also implies that when 𝜒 is computed for
multiple tributaries and is integrated in the upflow direction from a common point downstream, the correct
𝜃 value should not only linearize all the profiles in 𝜒-z space but also collapse all tributaries to a single line
(Perron & Royden, 2012).

If the channels downstream of waterfalls are assumed to be at steady state, an optimal 𝜃 can be identified
through an iterative search for a value that minimizes the deviation from a least squares linear regression
between𝜒 and z (Mudd et al., 2014; Perron & Royden, 2012; Royden & Perron, 2013) downstream of waterfalls.
We used a range of 𝜃 values (from 0 to 2 in intervals of 0.01) to compute𝜒 for each DEM node along tributaries
that extend from the prescribed initial waterfall location to the bottom of waterfalls. We integrated 𝜒 using
the rectangle rule to better capture the discrete changes in 𝜒 across channel junction (Mudd et al., 2014).
For each 𝜃 value, we computed the least squares linear regression between 𝜒 and z and calculated the misfit
between the data and the linear model using equation (8), where Di is the difference between the observed
and predicted elevation at the ith node, 𝜎i is the DEM vertical error (i.e., 10 m), and Np is the number of 𝜒-z
pairs. The optimal 𝜃 value minimizes the misfit equation (8).

Nonlinear 𝜒-z relations may occur when temporally and/or spatially varying uplift, climate, and rock proper-
ties affect the geometry of the channel network (e.g., Goren et al., 2014; Mudd et al., 2014; Royden & Perron,
2013). To acknowledge this possibility, we computed 𝜃 through a binning approach (after Goren et al., 2014)
that minimizes the scatter of z values within each 𝜒 bin with multiple tributaries, so that it does not force the
same linear relation over the entire 𝜒 and z range. For each 𝜃 value, the procedure divides the range of 𝜒 val-
ues to 100 bins (based on an iterative experiment that shows that stable 𝜃 values are attained with more than
20 bins) and computes equation (8) for bins that contain more than one tributary. The optimal 𝜃 value is that
which minimizes equation (8), where Di is the standard deviation of z values within each bin and 𝜎i is the DEM
vertical error (i.e., 10 m).

2.5. Uncertainty in p and 𝜽

The values of p and 𝜃 are often reported without a measure of uncertainty, thus inhibiting a comparison that
accounts for the uncertainty in each of these parameters. For 𝜃 values computed from the slope of the least
squares linear regression of log(S) versus log(A) (section 2.4.1), the uncertainty in 𝜃 for each of the basins is
reported as two standard deviations of the computed slope (Montgomery & Runger, 2010). For 𝜃 values com-
puted from 𝜒-z relations (section 2.4.2), as well as for p values computed from t∗r (section 2.3), we calculated
the uncertainty for each basin through an iterative bootstrap approach that repeatedly computes p (or 𝜃)
for subsets of the flow pathways in each basin. This is executed for 50 iterations, where in each iteration we
compute the optimal p (or 𝜃) value for an arbitrarily chosen subset of the flow pathways (Figure 4). We then
compute the lower and upper uncertainty bounds in p (or 𝜃) for each basin from the 2.5th and 97.5th per-
centiles of the optimal p (or 𝜃) values computed in these 50 iterations (Figure 4). In each iteration the number
of flow pathways is the integer value closest to 75% of the total number of flow pathways.
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Figure 5. Basin parameters and their influence on p. (a) p values (y axis) versus the standard deviation of drainage area
at the waterfalls (𝜎a). The inset shows the relative standard deviation 𝜎a∕𝜇a , where 𝜇a is the mean drainage area of
waterfalls in the basin (Aw). (b) Uncertainty in p (ep ; the difference between the highest and lowest uncertainty bounds
of p from models with and without a critical area threshold [y axis]) versus the number of waterfalls within a basin (x
axis). (c) Comparison of p value with Ac > 0 (y axis) and Ac = 0 (x axis), where Ac is a critical area threshold for waterfall
recession. Dashed line shows a 1:1 relation and error bars mark the 95% confidence (see section 2.5). (d) p value (y axis)
versus precipitation. (e) p value (y axis) versus mean waterfall height within the basin. (f ) p value (y axis) versus mean
value of slope between the top and bottom boundaries of all waterfalls within each basin. The p value in plots (d)–(f )
are the p values computed with Ac = 0. Letters for each data point correspond with basin IDs (Table 1).

3. Results
3.1. Waterfalls, Longitudinal Profiles, and Their Characteristics
Figure 3 shows river longitudinal profiles along the analyzed basins. We find that the elevation of the
waterfalls in each basin is generally similar within uncertainty (i.e., the top and bottom boundaries of the
waterfall, Figure 3). In some basins this elevation consistently changes with distance from the origin (e.g.,
Figures 3a–3c and 3h) or is rather scattered (Figure 3f ). Review of geologic maps (Table 1), air photos, pic-
tures (https://www.google.com/earth/, http://www.panoramio.com), and previous work (Berlin & Anderson,
2007; Melis et al., 1996; Ruiz, 2002; Weissel & Seidl, 1997, 1998) suggests that in most of the analyzed basins
the waterfalls occur over an erosion-resistant sedimentary layer.
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Figure 6. (a) The uncertainty in 𝜃 (e𝜃 ; the difference between the highest and lowest uncertainty bounds of the three methods used to compute 𝜃, y axis) versus
the number of waterfalls; (b) 𝜃 (y axis) versus the standard deviation (𝜎a) of drainage area for all waterfalls within a basin. (Aw); and (c) 𝜃 (y axis) versus
precipitation. Letters for each data point correspond with basin IDs (Table 1).

3.2. Computed p Values
Computed values of p typically span a range of 0.3–0.9 (Figure 5 and Table S1). High values of p (≈1) occur in
basins (a) and (k) and are associated with a low standard deviation (𝜎a) and relative standard deviation (𝜎a∕𝜇a,
where 𝜇a is the mean drainage area at waterfalls) of the drainage area at waterfalls (Figure 5a). The uncer-
tainty in p is sensitive to the number of waterfalls (Np) in the analyzed basin and suggests that this uncertainty
stabilizes when Np ≳ 10 (Figure 5b). Values of p computed through the time-based method with and without
a critical area threshold (Ac) covary and are similar within uncertainty (Figure 5c), where a model with Ac > 0
typically produces lower p values compared to a model with Ac = 0. Values of p do not display a clear covari-
ance with precipitation, waterfall height, or slope (Figures 5d–5f, height and slope are measured between
the top and bottom waterfall boundaries). The 𝜒2

r optimization curves (SI) tend to be better constrained for
basins with large number of waterfalls (Table S1 and Figure S2). The p value we computed for basins (e)–(j)
(0.49+0.04

−0.05, 0.44+0.28
−0.04, 0.39+0.02

−0.03, respectively, computed with Ac = 0) differs from the p value estimated by
Weissel and Seidl (1998) for the same catchment (p ∼ 0). This deviation likely reflects differences in the DEM
resolution, number of waterfalls, and optimization technique. This study uses DEMs of 30-m resolution, 47
waterfalls, and the aforementioned p optimization technique, whereas the study of Weissel and Seidl (1998)
used DEMs of 500-m resolution, 11 waterfalls, and visual approximation of p. Further, this study analyzed each
basin separately, whereas Weissel and Seidl (1998) analyzed basins (e)–(g) together, starting approximately
150-km downstream of the confluence where these basins join. The p values computed for basins (h) and
(i), (0.51+0.12

−0.1 , 0.53+0.06
−0.07, respectively, computed with Ac = 0) are similar to the value computed by Berlin and

Anderson (2007) for these two basins combined using a distance-based optimization (p = 0.54).

3.3. Computed 𝜽 Values
Computed values of channel concavity (𝜃) typically span a range of 0.3–0.7 (Figure 6 and Table S1). In contrast
to p, the uncertainty in 𝜃 is generally independent on the number of waterfalls (Figure 6a), and 𝜃 is generally
insensitive to 𝜎a (Figure 6b). The 𝜃 values do not show a clear covariance with precipitation (Figure 6c). The
𝜃 values computed through slope area relations somewhat deviate from those computed based on linear or
binning-based optimization of 𝜒-z relations (𝜃𝜒−z−lin and 𝜃𝜒−z−bin, respectively, section 2.4 and Figure 7). In
some basins the 𝜒-z relations for the flow pathways downslope of the waterfalls are scattered and so are the
slope area relations, suggesting that these basins deviate from the linear relation expected when channels
are at steady state and lithology and uplift are spatially homogenous (SI).

3.4. Comparison of 𝜽 and p
Comparison of p and 𝜃 shows that they are generally similar within uncertainty (Figure 7 and Tables 1 and S1).
The optimal p and 𝜃 values generally covary for basins of ≳10 waterfalls, Figure 7c). Least squares linear
regression between p computed with Ac = 0 and 𝜃 computed through all the aforementioned methods
produces 𝜃 = 0.054(±0.13) + 0.95(±0.31)p (uncertainty is reported based on 95% confidence interval),
with an R2 = 0.64, and a probability value (p-value) of 2.4 × 10−6. Similar analysis for p computed with
Ac > 0 produces 𝜃 = 0.006 (±0.17) + 1.19 (±0.44) p with an R2 = 0.59 and a probability value (p-value) of
1.2×10−5. Note that in both cases the intercept is <0.1 and the slope is close to unity, suggesting that p and 𝜃
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Figure 7. Computed p and 𝜃 values. (a) Comparison of p and 𝜃 for different basins. The x axis shows the ID of the
analyzed basins (in accordance with Table 1), and the y axis shows the value of p and the values of 𝜃 for the various
methods specified in the figure legend (sections 2.4 and 2.3). The uncertainty values are determined via the procedures
described in section 2.5. Note that the uncertainties of p and 𝜃 overlap in most cases. The dashed horizontal lines mark
the commonly observed 𝜃 values (0.35–0.7, (Tucker & Whipple, 2002; Whipple & Tucker, 1999)). (b) A scatter plot of
p (x axis) versus 𝜃 (y axis) for all basins. The dashed line delineates a 1:1 relations between p and 𝜃. The 𝜃 values
computed with different methods are colored as in panel a. Note that in many cases the uncertainties of p and 𝜃 overlap
with this 1:1 line. (c) Same as panel (b), for basins with ≳ 10 waterfalls. This gives R2 = 0.64 and a probability value
(p-value) of 2.4 × 10−6.

are generally similar. A ranked correlation produces a Kendall correlation coefficient of 0.55 and a probability
value p-value of 4.4 × 10−4. The difference between p and 𝜃 is maximal when p values are high (Figure 7a).
A Kolmogorov-Smirnov test that compared the distributions of p and 𝜃 for all basins failed to reject the null
hypotheses that p and 𝜃 are drawn from the same population. Similarly, a Wilcoxon signed rank test that
compared the paired (by basin) values of p and 𝜃 failed to reject the null hypothesis that the population of
differences between p and 𝜃 pairs comes from a distribution whose median is 0. Note that in both of these
tests the null hypothesis (i.e., similarity of p and 𝜃) is not rejected despite the very conservative significance
level used (𝛼 = 0.5, an order of magnitude larger than the commonly used 𝛼 = 0.05).

4. Discussion
4.1. Similarity Between p and 𝜽

The similarity between p and 𝜃 is supported through multiple means of comparison. Whereas the similarity
“within uncertainty” (Figure 7a) may depend on how the uncertainty in p and 𝜃 is computed, the statis-
tical tests are more robust and suggest that the values of p and 𝜃 are drawn from the same population
(i.e., Kolmogorov-Smirnov test) and that when matched by a basin, neither p or 𝜃 is consistently higher than
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Figure 8. Schematic relations between p and 𝜃 in 𝜒-z space. (a) Schematic map of a basin with three waterfalls.
Waterfalls are marked with shapes, and the solid and dashed lines mark the channel downstream and upstream of
the waterfall, respectively. (b) The 𝜒-z relations when all waterfalls lie at the same elevation and the conditions
described in section 2.4.2 are fully satisfied. Here and in the following panels waterfalls are marked by shapes that
correspond to those in panel (a), and dashed line marks the 𝜒-z values along the pathway from the origin to the
waterfalls. (c) The 𝜒-z relations when waterfalls are at the same elevations, but the conditions in section 2.4.2 are not
fully satisfied, and the 𝜃 value used to compute 𝜒 is that which minimizes the scatter in z for a least square regression
between 𝜒 and z. (d) The 𝜒-z relations when waterfalls are at the same elevations and the p (or 𝜃) value used to
compute the nondimensional recession duration t∗r (or 𝜒 ) is that which minimizes the scatter in t∗r (or 𝜒 ) for the
waterfall locations only. (e) The 𝜒-z relations when waterfalls are at different elevations and the 𝜃 value used to compute
𝜒 is that which minimizes the scatter in z around a linear regression between 𝜒 and z. (f ) The 𝜒-z relations when
waterfalls are at different elevations and the p (or 𝜃) value used to compute the nondimensional recession duration (t∗r )
is that which minimizes the scatter in t∗r (or 𝜒 ) for the waterfall locations only.
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a

b

Figure 9. Schematic illustration of a recession mechanism that can cause
similarity between the recession of nonvertical channels (Ce) and waterfall
recession (Cew ) (i.e., Ce ≃ Cew) over long time scales (after Haviv et al.
(2010)). (a) Channel profile at times t1 (dashed line) and t2 (solid line).
Grey triangles represents the base-level elevation at t1 and t2. The Δt is
the time span between t1 and t2, such that E ∗ Δt is the depth of erosion (E)
downstream of the waterfall over this period and Ce ∗ Δt is the recession
caused by this erosion. In this setting the cap rock layer (colored in green) is
resistant to erosion whereas the underlying layers are of higher erodibility.
(b) Channel profile following a gravitational collapse of the waterfall and
downstream transport of the resulting debris (during a relatively short
time period 𝛿t). The waterfall at time t2 (dashed line) can collapse through
various processes (e.g., undercutting and toppling). Note that in that
case the long-term waterfall height is likely set by lithologic properties in
conjunction with the gravitational collapse mechanism, and is constant in
time and space as long as these properties are constant. Also note that the
slope of the channel section downstream of the waterfall is S = E∕Ce (see
dotted arrows in panel a), such that Ce = E∕S and Ce = KAmSn∕S = KAmSn−1

in the context of the channel incision model.

the other (i.e., Wilcoxon signed rank test). The covariance between p and
𝜃 (for basins with 10 waterfalls or more) and their alignment along a ∼ 1:1
line further supports their similarity.

One interpretation of the similarity between p and 𝜃 is that it stems from
the functional similarity between t∗r and 𝜒 (equations (7) and (10)), where
both t∗r and𝜒 at the waterfall can represent the duration of waterfall reces-
sion (e.g., Goren et al., 2014; Perron & Royden, 2012; Whipple & Tucker,
1999). Conceptually, when all tributaries collapse to a single line in 𝜒-z
space, and the waterfalls are of equal elevation, an equality of p and 𝜃 is
inevitable (Figures 8a and 8b). However, perfect alignment of𝜒 and z rarely
occurs in natural settings, so that different values of p and 𝜃 may occur.
For example, Figures 8c and 8d show a scenario where waterfalls are of
equal elevation but the 𝜃 value that minimizes the scatter in z for all 𝜒 val-
ues along the channels (Figure 8c) differs from the p value that minimizes
the scatter in t∗r at the waterfalls only (Figure 8d). Similarly, Figures 8e and
8f show a scenario with a perfect alignment of 𝜒 and z but waterfalls at
different elevations, such that once again the 𝜃 value that minimizes the
scatter in z for all 𝜒 values (Figure 8e) differs from the p value that mini-
mizes the scatter in t∗r at the waterfalls only (Figure 8f ). These differences
between p and 𝜃 occur because p minimizes the scatter in t∗r (or 𝜒 ) at the
waterfall location only, while 𝜃 minimizes the scatter in z for𝜒 (or t∗r ) values
everywhere along the analyzed channels.

In most of the analyzed basins waterfalls are approximately at the same
elevation (within uncertainty, Figure 3). Whereas this can be interpreted as
if the similarity between p and 𝜃 stems from the idealized case described in
Figure 8b, the lack of clear relations between the spread in waterfall eleva-
tions and the difference between p and 𝜃 (SI), as well as the scattered 𝜒-z
relation for the analyzed basins (SI), suggests that the setting described
in Figure 8b is unlikely. Given that the optimization of 𝜃 assigns equal
weighting to all points along the channel profile and that of p accounts
for waterfall location only, the similarity between p and 𝜃 may capture
commonalities between the processes that shape the channel profile and
those that determine the location of waterfalls.

4.2. Potential Process-Based Rationale for the Similarity of p and 𝜽

In the context of the channel incision law, p = 𝜃 = m∕n suggests that
the exponent value that describes the influence of drainage area (A) on
waterfall celerity is similar to that which describes the influence of A on the
celerity of nonvertical waterfalls (section 1). This functional similarity may
have several explanations.

A potential explanation for p = m∕n is that waterfall celerity is primarily influenced by water discharge and
channel width, for which Am∕n is a proxy (i.e., m∕n = c(1−b), where c and b are exponent relating drainage area
to channel discharge and width, respectively, Whipple & Tucker, 1999). For example, discharge can influence
the retreat of a quasi-vertical waterfall face through plunge pool erosion, by shear on subvertical slabs which
will eventually topple, by removing and breaking boulders which can buttress the waterfall face, by supplying
sediments that can enhance erosion, and by influencing wet-dry-related weathering of the waterfall face.
Since water velocity matters in all these processes, the width of the channel at a given discharge also matters.
Hence, waterfall recession may be a function of Am∕n. Whereas multiple factors influence waterfall celerity
(see section 1), many of these factors can covary with channel geometry and discharge and therefore with
Am∕n. Further exploration of the relations between these different factors and Am∕n is needed to support this
potential explanation and to evaluate the relative influence of processes that do not depend on A on waterfall
recession.
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An alternate explanation for the similarity between p and m∕n is that the recession of a waterfall and that of
downstream nonvertical channel segments is dependent. Such dependency was suggested by Haviv et al.
(2010), who explored the recession of a waterfall with a resistant cap rock underlain by a weaker sub–cap rock.
In that case, Haviv et al. (2010) demonstrated that a recession of a nonvertical channel segment downslope
of a waterfall (driven by downstream incision) can result in increased waterfall height once the receding seg-
ment abuts against the waterfall (as long as the vertical incision rate below the waterfall is greater than that
upstream of the waterfall). When the waterfall height reaches a threshold for gravitationally induced failure,
the waterfall fails and recedes, the resulting debris is transported down the channel, and the process repeats
(Figure 9).

A mechanism in which the waterfall celerity is dependent on (i.e., enslaved to) the celerity of the downstream
channel segment requires that over long time scales the waterfall celerity (Cew) equals the celerity of nonverti-
cal channel segments (Ce). In the context of equations (3)–(5) this requires that the waterfall celerity coefficient
(B) equals the channel erodibility K . We are not aware of direct comparisons of these coefficients across basins
with well-defined waterfalls such as those explored in this study; however, the B value computed by Berlin
and Anderson (2007) for waterfalls in the Roan Plateau, CO (B = 1.37 × 10−7 [m0.08year]−1, computed with
p = 0.54) is within the range of empirically calibrated K values for models with 0.5 ≤ m∕n ≤ 0.59 and n = 1
(Ferrier et al., 2013; Murphy et al., 2016; Stock & Montgomery, 1999). However, a case where waterfall recession
is faster than that imposed by channel incision downstream (i.e., Cew >Ce) was shown by DiBiase et al. (2015)
for the Big Tujunga Creek that is incised into the crystalline rocks of the San-Bernardino mountains, CA. The
high recession rate of the Niagara Falls (Gilbert, 1907), for example, is also unlikely to be in balance with the
recession imposed by channel incision (i.e., Figure 9) downstream. These examples suggest that the factors
that govern waterfall recession may vary in time and space and that a single mechanism is unlikely to explain
the variety of observed phenomena. Direct comparison of K , B, p, and 𝜃 in locations where erosion rate, as well
as the duration and spatial extent of waterfalls retreat are well constrained, can reveal whether, and under
what conditions, waterfall recession is enslaved to that of downstream channel segments (Figure 9).

4.3. Examination of Assumptions
The assumption that all waterfalls initiated as a single waterfall at the trunk channel downstream of all water-
falls underlies our computation of p. Whereas we could not test for this assumption, such assumption was
previously made for some of the analyzed basins (i.e., Berlin & Anderson, 2007; Weissel & Seidl, 1998) and is
common in studies of waterfall and knickpoint propagation (e.g., Brocard et al., 2016; Crosby & Whipple, 2006;
DiBiase et al., 2015). The occurrence of waterfalls over a subhorizontal, erosion-resistant layer that is under-
lain by a weaker layer supports this assumption. This is because it suggests that this layer is initially incised at
a downstream location where it is first transected by the stream, and the resulting waterfall then propagates
upstream.

A second assumption, which underlies our computation of p, is that the celerity coefficient, B, and the expo-
nent p, are spatially constant along the analyzed channel sections. Spatial homogeneity can stem from the
spatial continuity of lithologic layers in many of the analyzed basins. This is suggested by geologic maps
(Table 1), air photos, pictures (https://www.google.com/earth/, http://www.panoramio.com), and published
work (Berlin & Anderson, 2007; Melis et al., 1996; Ruiz, 2002) that indicate that in most of the analyzed basins
the channel system is incised into subhorizontal lithologic layers, and waterfalls occur over spatially contin-
uous erosion-resistant layers underlain by weaker layers (except for basins e–g where this varies spatially
[Weissel & Seidl, 1998] and at least some of the waterfalls are composed of a series of small waterfalls).
The horizontal continuity of these layers can facilitate spatial homogeneity in B and p, where waterfalls,
as well as nonvertical channel segments downstream, everywhere recede over the same lithologic units
(e.g., Berlin & Anderson, 2007; Haviv, 2007; Haviv et al., 2006, 2010; Figure 9). Observations concerning the
stratigraphic position of waterfalls and whether their lower boundary is tied to a specific lithologic horizon
can assist in evaluating the feasibility of stratigraphically controlled homogeneity.

The possibility that the similarity of p and 𝜃 stems from enslavement of the waterfall celerity to that of the
nonvertical channel downstream of the waterfall is underlain by few assumptions. First, this mechanism
was suggested and explored for waterfalls over a resistant cap rock underlaid by a weaker sub–cup rock
(Haviv et al., 2010; this also appears to be the case in most of the basins we analyzed) and may not be valid
for waterfalls in different settings. Second, in the context of equations (3)–(5) and p = 𝜃 this mechanism
requires that downstream channel recession is proportional to Am∕n, either because n = 1 or because at
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the downstream channel segment denudation and uplift rates are approximately balanced (i.e., section 1).
Such a balance in the downstream channel segment is possible, despite the irregular channel profiles
(Figure 3), because of the aforementioned lateral continuity of lithologic layers. In that case, where the spatial
homogeneity of 𝜃 relies on the lateral continuity of specific layers but the value of 𝜃 is computed over the het-
erogeneous lithology of the entire channel system, it is assumed that this 𝜃 value is representative of the value
of 𝜃 just downstream of the waterfall. In the context of the enslavement mechanism, if the latter assumptions
hold so that denudation and uplift are balanced, the similarity between p and 𝜃 is not necessarily indicative
of n = 1.

Finally, the comparison between p and 𝜃 and its interpretation from a process perspective assumes that the
underlying equations (i.e., equations (2) and (5)) adequately describe the recession process. Whereas both
equations were explored numerically and calibrated to field data (e.g., Bishop et al., 2005; Brocard et al., 2016;
Crosby & Whipple, 2006; Rosenbloom & Anderson, 1994; Whittaker & Boulton, 2012), alternate or more com-
plicated models can perform equally well or better (e.g., Crosby & Whipple, 2006; Lague, 2014). A wide spread
of p values, or a clear indication that an important process is overlooked by equation (5), can raise doubts con-
cerning the validity of this equation. Our results, pointing at a general consistency in the value of p between
basins, as well as at a similarity between p and 𝜃, suggest that equations (2) and (5) do capture aspects of the
recession process that are consistent across the analyzed basins. This consistency lends some further support
to the validity of these equations.

4.4. The Sensitivity of p to Basin Properties and DEM Resolution
The uncertainty in p is sensitive to the number of waterfalls (Np) within a basin (Figure 5b). In the context of our
methodology for computing p, this suggests that when the number of waterfalls is small (Np ≲ 10, Figure 5b),
the influence of each of the flow pathways selected in a bootstrap iteration is large, such that a variety of
optimal p values can be produced depending on the selected subset. Our analyses therefore suggest that
studies that aim to extract reliable p values with the methodology we used should focus on basins with a large
number of waterfalls (Np ≳ 10, Figure 5b).

The association between the exceptionally high p value (p ∼ 1) of basins (a) and (k) (0.94+0.21
−0.12, 0.88+0.24

−0.34, respec-
tively, for a model with Ac = 0), and the low variability in waterfalls drainage area (Aw) that characterize these
basins ( 𝜎a ∼ 106 m2, 𝜎a∕𝜇a < 0.5, Figure 5a), points at a potential dependency between these parameters.
Note that basin (d) is associated with a low p value despite a low standard deviation in Aw (𝜎a), yet this basin
is associated with the lowest mean Aw (𝜇a) of all basins (∼ 2× 106 m2, Table S1), such that its relative standard
deviation (i.e., 𝜎a∕𝜇a) is higher than that of basins (a) and (k). A dependency between p and the variability in
Aw is aligned with the findings of Crosby and Whipple (2006), who computed high p value (p = 1.125) for a
basin with low variability in Aw .

Occurrence of high p values is predicted for equation (5) when waterfalls drain a similar drainage area (i.e., low
variability in Aw , Figures 1 and 5a) but have different distributions of drainage area (A) along the downstream
flow pathway. These high p values occur because waterfalls that drain similar drainage areas (i.e., small 𝜎a)
likely have similar A values along the channel just downstream of the waterfall, while further downstream
along the waterfall migration pathway (and yet upstream of where flow pathways merge next to the initial
waterfall location) values of A differ due to variations in the network topology. In that case, a high p value
is preferred by the optimization procedure because it increases the similarity in recession duration (t∗r ) by
heavily weighting the low A portion of the channel just downstream of the waterfall where the values of A are
similar among channels (i.e., equation (7)). As 𝜎a increases, lower p values are favored because they preferably
weight the identical high A portion of channels downstream of large confluences where channels merge. This
topologic argument suggests that high p values will be associated with relatively low values of 𝜎a.

To explore this prediction, we run multiple p optimization experiments where we used the topology (i.e.,
drainage area as a function of distance along the channels) for basin (g) and imposed randomly positioned
waterfalls within this basin topology. An initial set of Ns1 waterfall locations, constrained by a prescribed
range of drainage area, was randomly selected from all possible locations for basin (g). From this initial set we
excluded all waterfall locations that have other waterfalls draining to them. From this screened subset of ran-
dom locations we then randomly selected a prescribed number of waterfalls (Ns2) and used it to optimize p. To
test the sensitivity of p to 𝜎a in this synthetic situation, the dependent variable was 𝜎a, namely, the permissi-
ble range of drainage areas from which the Ns1 locations are selected while maintaining the mean value of Aw
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Figure 10. Relations between p and 𝜎a for experiments with arbitrary waterfalls positioned in basin (g) plotted in linear
(a) and logarithmic (inset of panel a) scales. Each filled circle shows the values of p and 𝜎a for a single experiment with
11 waterfalls that are arbitrary positioned. (b) p versus the relative standard deviation in Aw (𝜎a∕𝜇a).

(𝜇a) approximately the same. We conducted 500 experiments with arbitrarily located waterfalls (Ns1 = 20 and
Ns2 = 11). In each experiment we recorded the standard deviation of Aw (𝜎a), as well as the relative standard
deviation (𝜎a∕𝜇a) and optimal p value. The results of this experiment show that a high value of p is indeed
associated with low 𝜎a. As 𝜎a increases, the value of p first declines steeply and then more gradually reaching
approximately p = 0.5 at higher 𝜎a values (Figure 10).

The interpretation of p values computed for low 𝜎a should also account for the potential influence of DEM
resolution. For example, waterfalls within the same basin may retreat according to equation (5) with a p value
of 0.5 up to the upper reaches of the basin, where the area that drains to waterfalls (Aw) decreases and so does
the waterfall celerity. When mapped over a low-resolution DEM, all waterfalls may appear to have the same Aw

so the optimization procedure will prefer a higher value of p. In contrast, when mapped over high-resolution
DEM, small differences in Aw will become apparent so p = 0.5 can be recovered. Hence, DEMs of higher
resolution will allow more accurate recovery of p, and for a given resolution, p values computed for basins
with high 𝜎a are likely more reliable.

For high values of 𝜎a the optimal p value for the synthetic experiments with arbitrary waterfall locations is in
the range that is typical of𝜃 (Figure 10). This can be interpreted as if the similarity between p and𝜃 is insensitive
to the exact location of waterfalls and that p can be predicted from 𝜎a (SI). However, the covariance between p
and 𝜃 for basins of ≥ 10 waterfalls (Figure 7c), together with the low covariance between 𝜃 and 𝜎a (Figure 6c),
suggests that the natural location of waterfalls is associated with significant subtleties in the value of p that
reflect differences in the underlying process.

5. Summary

This study explores the similarity between channel profile concavity (i.e., the exponent 𝜃) downstream
of waterfalls and the exponent p that is used to model waterfall recession. We analyzed channel pro-
files and the locations of waterfalls at 12 basins with different climatic and lithologic conditions and also
developed a new method to compute the optimal value of p and its uncertainty. Our results demon-
strate that the values of p and 𝜃 are similar within uncertainty, come from a similar population, and
generally covary for basins with ≳10 waterfalls. In the context of the channel incision models this sug-
gests that in the basins we analyzed waterfall recession is influenced by channel discharge and width
as approximated by Am∕n and/or that the waterfall celerity is enslaved to that of downstream channel
segments.

Deviations between p and 𝜃 primarily arise when p values are relatively high due to low variability in the area
that drains to waterfalls or to high uncertainty in p. This may occur when waterfall recession decreases at low
A values and the DEM resolution is relatively low, or when the number of waterfalls in a basin is >10. To avoid
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these influences, we recommend that p values be computed over basins with a relatively large spread in Aw

(i.e., 𝜎a∕𝜇a > 1) and large number of waterfalls (>10).

Future studies focused on the relations between the waterfall celerity coefficient (B), and the channel erodibil-
ity coefficient (K) may reveal whether, and for what conditions, waterfall celerity is similar to that of nonvertical
channel segments. Such similarity would suggest that waterfall recession is enslaved to that of downstream
segments. Furthermore, similarity would mean that landscape evolution models that implement the stream
power or shear stress incision models are also suitable for simulating landscape evolution in the presence of
waterfalls.

Notation

A drainage area [L2]
A0 reference drainage area [L2]
Ac critical drainage area threshold [L2]
Ai drainage area at a node i [L2]

Aw area that drains to a waterfall [L2]
Ar normalized drainage area used for plotting []
B waterfall celerity coefficient [L1−2p/T]
b exponent that relates drainage area to channel width []

Ce knickpoint celerity [L/T]
CeW waterfall celerity [L/T]

Cew,i the waterfall celerity between nodes i and i + 1 [L/T]
c exponent that relates drainage area to channel discharge []

Di measure of difference used in computing 𝜒2
r , units vary with model

E erosion rate [L/T]
i index of nodes []

K erodibility coefficient in channel incision law [L1−2m/T]
ks channel steepness [L2m∕n]

ksn normalized channel steepness [L2m∕n]
ksni

normalized channel steepness at a node i [L2m∕n]
l along stream flow distance up flow from lb [L]

lb along stream flow distance up flow from an arbitrary location [L]
m drainage area exponent in channel incision model []

Nn number of nodes between the initial waterfall location at ts and some upstream node []
Np number of data points used in computing 𝜒2

r []
Ns1 number of potential waterfall locations in a random selection process []
Ns2 number of waterfalls selected from a subset of randomly positioned waterfalls that do not drain to

each other []
n slope exponent in channel incision model []
p drainage area exponent in posited waterfall celerity model []
S channel slope []

Si slope at a node i []
tr duration of waterfall recession [T]
t∗r nondimensional duration of waterfall recession []
t̄∗r mean nondimensional duration of waterfall recession for all waterfalls in a basin[]
ts time of initial waterfall formation [T]
U uplift rate [L/T]

Un new uplift rate that is higher than the initial one[L/T]
z elevation [L]

zi elevation at a node i [L]
𝛼 statistical significance level []
𝛿i dimensionless variable that equals 1 or

√
2 for cardinal and diagonal flow direction between nodes

i and i + 1, respectively []
𝛿t small time increment [T]

Δt0 reference waterfall recession duration [T]
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Δti recession duration between nodes i and i + 1 [T]
Δt∗i nondimensional waterfall recession duration []
Δx distance between DEM nodes in the cardinal directions [L]
𝜇a mean of Aw in a basin [L2]
𝜇z mean of waterfall elevation in a basin [L]
𝜃 the ratio between the exponents m and n in the channel incision model []

𝜃SA the value of 𝜃 computed from the log(A) versus log(S) []
𝜃𝜒−z the value of 𝜃 computed from 𝜒-z relations []

𝜃𝜒−z−lin the value of 𝜃 computed from linear 𝜒-z relations []
𝜃𝜒−z−bin the value of 𝜃 computed from binned 𝜒-z relations []

𝜎i measure of uncertainty used in computing 𝜒2
r , units vary with model

𝜎a standard deviation of Aw in a basin [L2]
𝜎z standard deviation of waterfall elevation in a basin [L]
Σz vertical uncertainty in DEM [L]
𝜒 transformation variable that links channel drainage area and length to elevation [L]
𝜒2

r measure of weighted misfit in recession duration [].
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